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The approximate ﬁrst integrals for a system of two cubically coupled nonlinear Duﬃng
oscillators subject to a periodically driven force are constructed with the help of
approximate partial Noether approach. Firstly, approximate partial Noether operators
associated with a partial Lagrangian are derived. Then approximate ﬁrst integrals are
obtained for both the resonant and non-resonant cases.
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1. Introduction
The ﬁrst integrals are important in reductions and solutions of differential equations. In [5] methods to ﬁnd solu-
tions of the differential equations from the ﬁrst integrals were discussed. The approximate ﬁrst integrals for approximate
Euler–Lagrange equations can be constructed by an approximate Noether’s theorem [12,1–3] provided approximate Noether
symmetries are known. This theorem is valid for differential equations having Lagrangian and the associated approximate
Noether symmetries. The relationship between the approximate Lie–Bäcklund symmetries and approximate conserved vec-
tors for the perturbed equations in absence of Lagrangian was deduced in [6]. In [4,9] the idea of partial Noether operators
and conservation laws presented in [7,8], in absence of standard Lagrangian, was extended for the perturbed differential
equations. All different approaches to ﬁnd conserved vectors for unperturbed partial differential equations were discussed
in [11].
The approximate ﬁrst integrals for system of two coupled nonlinear oscillators were derived in [9]. To the best of our
knowledge the approximate ﬁrst integrals for system of two cubically coupled nonlinear Duﬃng oscillators subject to a
periodically driven force (see [13]) are not constructed yet and are studied here. Firstly we obtain approximate partial
Noether operators corresponding to a partial Lagrangian and then obtain the approximate ﬁrst integrals for under study
system for both resonant and non-resonant cases.
The outline of the paper is as follows. In Section 2, we gave some basic deﬁnitions. The approximate partial Noether
operators associated with a partial Lagrangian for system of cubically coupled nonlinear Duﬃng oscillators subject to a
periodically driven force are established in Section 3. In Section 4 we obtain approximate ﬁrst integrals of the underlying
system. The concluding remarks are ﬁnally summarized in Section 5.
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Consider a second-order system of two perturbed ordinary differential equations with a small parameter 
Eα
(
x, y, z, y′, z′, y′′, z′′;)= O (2), α = 1,2, (1)












+ · · · . (2)
The following deﬁnitions are adopted from [4,9].
Deﬁnition 1. The ﬁrst-order approximate Lie–Bäcklund symmetry operator is given by
χ = X0 + X1 (3)
where















+ · · · , (4)















+ · · · . (5)






holds for every solution of system (1).
Suppose that Eq. (1) can be expressed as
Eα = E0α + E1α, α = 1,2. (7)
Deﬁnition 3. Suppose that L = L(x, y, z, y′, z′) is a differential function and there exists nonzero function f βα such that (7)
can be expressed as
δL/δuα =  f βα Ekβ, α = β = 1,2. (8)
Then L is said to be a partial Lagrangian of system (7) and (8) are termed approximate partial Euler–Lagrange equations. In





















+ · · · (10)
are known as the Euler–Lagrange operators.
Deﬁnition 4. The approximate Lie–Bäcklund operator χ deﬁned in (3) is said to be an approximate partial Noether operator
corresponding to a partial Lagrangian L if it satisﬁes
χ(L) + LDx(ξ) =
(
η1 − y′ξ) δL
δy
+ (η2 − z′ξ)δL
δz
+ Dx(B), (11)
with respect to a suitable function B . The function B is the gauge term and is given by
B = B0 + B1. (12)
Notice that in (11)
ξ = ξ0 + ξ1, η1 = η10 + η11, η2 = η20 + η21. (13)
Theorem 1. If χ is an approximate partial Noether operator associated with partial Lagrangian L = L(x, y, z, y′, z′), then the formula
for the approximate ﬁrst integrals is
I = B − ξ L − (η1 − y′ξ) δL
δy′
− (η2 − z′ξ) δL
δz′
+ O (2). (14)
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Consider the system of two cubically coupled nonlinear Duﬃng oscillators subject to a periodically driven force [13]
y′′ + ω21 y + μ1 y′ + k1 y3 − α1z − β1 y2z = 0,
z′′ + ω22z + μ2z′ + k2z3 − α2 y − β2 y3 = F cosωx, (15)
where prime represents the derivative with respect to x. In (15) μi , ωi , ki are damping coeﬃcient, natural frequency and
stiffness terms, respectively, αi and βi represent the coupling strength between the oscillators. The approximate solution for
system (15) was derived in [13] by utilizing the method of multiple scales [10]. The coeﬃcients μi , ki , αi , βi , i = 1,2 and F
were assumed to be small and were multiplied by a scaling factor  , 0 <   1 to show the smallness. By setting μi = μi ,
ki = ki , αi = αi , βi = βi , i = 1,2 and F =  F , system (15) takes the following form (see [13]):
y′′ + ω21 y + 
(
μ1 y
′ + k1 y3 − α1z − β1 y2z
)= 0,
z′′ + ω22z + 
(
μ2z
′ + k2z3 − α2 y − β2 y3
)=  F cosωx. (16)




y′2 + z′2 − ω21 y2 − ω22z2
)
. (17)
Thus the approximate partial Euler–Lagrange equations are
δL
δy
= (μ1 y′ + k1 y3 − α1z − β1 y2z),
δL
δz
= (μ2z′ + k2z3 − α2 y − β2 y3 − F cosωx). (18)
The approximate partial Noether operator determining equation (11) yields the following determining equations corre-
sponding to zeroth and ﬁrst-order approximations of  respectively:
X0L + Dx(ξ0)L = Dx(B0), (19)
X1L + Dx(ξ1)L =
(
η10 − ξ0 y′
)(
μ1 y
′ + k1 y3 − α1z − β1 y2z
)
+ (η20 − ξ0z′)(μ2z′ + k2z3 − α2 y − β2 y3 − F cosωx)+ Dx(B1). (20)
Separating (19), (20), after expansion, with respect to the different combinations of derivatives of y and z, we obtain the
following systems:
Zeroth-order approximation:




ξ0x = 0, η20z −
1
2
ξ0x = 0, η10z + η20y = 0, (22)
η10x = B0y, η20x = B0z, (23)
ω21 yη
1






+ B0x = 0. (24)
First-order approximation:




ξ1x + μ1ξ0 = 0, η21z −
1
2
ξ1x + μ2ξ0 = 0, η11z + η21y = 0, (26)
η11x = μ1η10 − ξ0
(
k1 y
3 − α1z − β1 y2z
)+ B1y, (27)
η21x = μ2η20 − ξ0
(
k2z


















3 − α2 y − β2 y3 − F cosωx
)+ B1x = 0. (29)










A′z − yc0 + C(x),
B0 = 1
4
A′′ y2 + 1
4
A′′z2 + B ′(x)y + C ′(x)z + T (x). (30)
Substituting (30) in (24) and then separating the following cases arise.
Case 1: ω1 = ω2 (non-resonant).
In this case we have
T ′(x) = 0, c0 = 0, A(x) = c1,
B(x) = c2 cosω1x+ c3 sinω1x, C(x) = c4 cosω2x+ c5 sinω2x. (31)
Now T (x) = constant, we choose constant to be zero as it contribute to the trivial part of a ﬁrst integral. Thus
ξ0 = c1, η10 = c2 cosω1x+ c3 sinω1x, η20 = c4 cosω2x+ c5 sinω2x,
B0 = ω1 y(−c2 sinω1x+ c3 cosω1x) + ω2z(−c4 sinω2x+ c5 cosω2x). (32)
Case 2: ω1 = ω2 (resonant).
For this case we obtain the following results:
ξ0 = d1 + d2 cos2ω1x+ d3 sin2ω1x,
η10 = yω1(−d2 sin2ω1x+ d3 cos2ω1x) + zc0 + d4 cosω1x+ d5 sinω1x,
η20 = zω1(−d2 sin2ω1x+ d3 cos2ω1x) − yc0 + d6 cosω1x+ d7 sinω1x,
B0 = −
(
y2 + z2)ω21(d2 cos2ω1x+ d3 sin2ω1x)
+ ω1 y(−d4 sinω1x+ d5 cosω1x) + ω1z(−d6 sinω1x+ d7 cosω1x). (33)
3.2. Solution of determining equations for ﬁrst-order approximation and partial Noether operators when ω1 = ω2
Substitution of ξ0, η10 , η
2
0 from (32) in the determining equations (25)–(29) for ﬁrst-order approximation results in




ξ1x + μ1c1 = 0, η21z −
1
2
ξ1x + μ2c1 = 0, η11z + η21y = 0, (35)
η11x = μ1(c2 cosω1x+ c3 sinω1x) − c1
(
k1 y
3 − α1z − β1 y2z
)+ B1y, (36)
η21x = μ2(c4 cosω2x+ c5 sinω2x) − c1
(
k2z







+ (c2 cosω1x+ c3 sinω1x)
(
k1 y
3 − α1z − β1 y2z
)
+ (c4 cosω2x+ c5 sinω2x)
(
k2z
3 − α2 y − β2 y3 − F cosωx
)+ ω21 yη11 + ω22zη21 + B1x = 0. (38)
In solving (34)–(38) three subcases arise:
Subcase 1: β1 − 3β2 = 0.
For β1 − 3β2 = 0, we obtain
c1 = 0, c2 = 0, c3 = 0, c4 = 0, c5 = 0, ξ0 = 0, η10 = 0, η20 = 0, B0 = 0,
and
ξ1 = e1, η11 = e2 cosω1x+ e3 sinω1x, η21 = e4 cosω2x+ e5 sinω2x,
B1 = ω1 y(−e2 sinω1x+ e3 cosω1x) + ω2z(−e4 sinω2x+ e5 cosω2x). (39)
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and gauge terms are
χ1 =  ∂
∂x
, B = 0, χ2 =  cosω1x ∂
∂ y
, B = −ω1 y sinω1x,
χ3 =  sinω1x ∂
∂ y
, B = ω1 y cosω1x,
χ4 =  cosω2x ∂
∂z
, B = −ω2z sinω2x,
χ5 =  sinω2x ∂
∂z
, B = ω2z cosω2x. (40)
Subcase 2: β1 − 3β2 = 0 and α1 = α2.
For this case approximate partial Noether operators and gauge terms are the same as in subcase 1.
Subcase 3: β1 − 3β2 = 0, α1 = α2 and μ1 = μ2.
The approximate partial Noether operators and gauge terms when β1 − 3β2 = 0, α1 = α2, μ1 = μ2 are the same as in
subcase 1.
Subcase 4: β1 − 3β2 = 0, α1 = α2 and μ1 = μ2.
Two subcases arise here.
Subcase 4.1: ω = ω2.
For this case
c2 = 0, c3 = 0, c4 = 0, c5 = 0,








μ1c1 + e4 cosω2x+ e5 sinω2x+ ω
ω2 − ω22
c1F sinωx,















For this case approximate partial Noether operators and gauge terms corresponding to all other constant are the same








































Subcase 4.2: ω = ω2.
For this case
c2 = 0, c3 = 0, c4 = 0, c5 = 0,








μ1c1 + e4 cosω2x+ e5 sinω2x+ Fc1
4ω2
(2xω2 cosω2x− sinω2x),
B1 = ω1 y(−e2 sinω1x+ e3 cosω1x) + ω2z(−e4 sinω2x+ e5 cosω2x)
+ c1F
4











For this case approximate partial Noether operators χ1 to χ5 and gauge terms corresponding to all other constants are
the same as in (40). The approximate partial Noether operator and gauge term corresponding to constant c1 are


































z(cosω2x− 2xω2 sinω2x) − zF cosω2x
]
. (44)
3.3. Solution of determining equations for ﬁrst-order approximation and partial Noether operators when ω1 = ω2
Substituting of ξ0, η10 , η
2
0 from (33) in the determining equations (25)–(29) for ﬁrst-order approximation, we have








ξ1x + μ2(d1 + d2 cos2ω1x+ d3 sin2ω1x) = 0, η11z + η21y = 0, (46)
η11x = μ1 yω1(−d2 sin2ω1x+ d3 cos2ω1x) + μ1[zc0 + d4 cosω1x+ d5 sinω1x]
− (d1 + d2 cos2ω1x+ d3 sin2ω1x)
(
k1 y
3 − α1z − β1 y2z
)+ B1y, (47)
η21x = μ2zω1(−d2 sin2ω1x+ d3 cos2ω1x) + μ2[−yc0 + d6 cosω1x+ d7 sinω1x]
− (d1 + d2 cos2ω1x+ d3 sin2ω1x)
(
k2z
3 − α2 y − β2 y3 − F cosωx
)+ B1z, (48)(
k1 y
3 − α1z − β1 y2z
)[
yω1(−d2 sin2ω1x+ d3 cos2ω1x) + zc0 + d4 cosω1x+ d5 sinω1x
]
+ (k2z3 − α2 y − β2 y3 − F cosωx)[zω1(−d2 sin2ω1x+ d3 cos2ω1x) − yc0 + d6 cosω1x+ d7 sinω1x]






+ B1x = 0. (49)
Eqs. (45)–(49) are solved for ξ1, η11 and η
2
1 and the following three subcases arise:
Subcase 1: β1 − 3β2 = 0.
For β1 − 3β2 = 0, we obtain
c0 = 0, d1 = 0, d2 = 0, d3 = 0, d4 = 0, d5 = 0, d6 = 0, d7 = 0,
ξ0 = 0, η10 = 0, η20 = 0, B0 = 0,
and
ξ1 = f2 + f3 cos2ω1x+ f4 sin2ω1x,
η11 = yω1(− f3 sin2ω1x+ f4 cos2ω1x) + f1z + f5 cosω1x+ f6 sinω1x,
η21 = zω1(− f3 sin2ω1x+ f4 cos2ω1x) − f1 y + f7 cosω1x+ f8 sinω1x,
B1 = −ω21( f3 cos2ω1x+ f4 sin2ω1x)
(
y2 + z2)+ (− f5 sinω1x+ f6 cosω1x)ω1 y
+ (− f7 sinω1x+ f8 cosω1x)ω1z. (50)









, B = 0, χ2 =  ∂
∂x






− ω1 y sin2ω1x ∂
∂ y












+ ω1 y cos2ω1x ∂
∂ y






y2 + z2) sin2ω1x,
χ5 =  cosω1x ∂
∂ y
, B = −ω1 y sinω1x,
χ6 =  sinω1x ∂ , B = ω1 y cosω1x,
∂ y
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∂z
, B = −ω1z sinω1x,
X8 =  sinω1x ∂
∂z
, B = ω1z cosω1x. (51)
Subcase 2: β1 − 3β2 = 0 and μ1 = μ2.
The approximate partial Noether operators and gauge terms are the same as in (51).
Subcase 3: β1 − 3β2 = 0 and μ1 = μ2.
Here two subcases arise:
Subcase 3.1: ω = ω1.
For this case
c0 = 0, d2 = 0, d3 = 0, d4 = 0, d5 = 0, d6 = 0, d7 = 0,
ξ0 = d1, η10 = 0, η20 = 0, B0 = 0,
and
ξ1 = f2 + f3 cos2ω1x+ f4 sin2ω1x+ μ1d1x,






η21 = zω1(− f3 sin2ω1x+ f4 cos2ω1x) − f1 y











B1 = −ω21( f3 cos2ω1x+ f4 sin2ω1x)
(
y2 + z2)









(α1 + α2)yz − β1
3
























































the approximate partial Noether operators and gauge terms corresponding to all other constants are the same as in (51).
Subcase 3.2: ω = ω1.
For this case
c0 = 0, d2 = 0, d3 = 0, d4 = 0, d5 = 0, d6 = 0, d7 = 0,
ξ0 = d1, η10 = 0, η20 = 0, B0 = 0,
and
ξ1 = f2 + f3 cos2ω1x+ f4 sin2ω1x+ μ1d1x,


















B1 = −ω21( f3 cos2ω1x+ f4 sin2ω1x)
(
y2 + z2)




y4 + k2 z4 − d1 (α1 + α2)yz − β1 y3z − zF cosω1x+ F z(cosω1x− 2xω1 sinω1x)
]
. (54)4 4 2 3 4








































z4 − zF cosω1x− 1
2





the approximate partial Noether operators and gauge terms corresponding to all other constants are the same as in (51).
4. First integrals
The ﬁrst integrals of system (16) corresponding to a partial Lagrangian L can be constructed from formula (14).
4.1. First integrals when ω1 = ω2 (non-resonant)
Subcase 1: β1 − 3β2 = 0.




y′2 + z′2 + ω21 y2 + ω22z2
)
, I2 = 
(−ω1 y sinω1x− y′ cosω1x),
I3 = 
(
ω1 y cosω1x− y′ sinω1x
)
, I4 = 
(−ω2z sinω2x− z′ cosω2x),
I5 = 
(
ω2z cosω2x− z′ sinω2x
)
. (56)
Subcase 2: β1 − 3β2 = 0 and α1 = α2.
For this case, the approximate ﬁrst integrals are the same as given in (56).
Subcase 3: β1 − 3β2 = 0, α1 = α2 and μ1 = μ2.
For this case, the approximate ﬁrst integrals are also the same as given in (56).
Subcase 4: β1 − 3β2 = 0, α1 = α2 and μ1 = μ2.
Subcase 4.1: ω = ω2.
For this case, the approximate ﬁrst integrals given in (56) hold and an extra approximate ﬁrst integral corresponding to
partial Noether operator and gauge term in (42) exists. The approximate ﬁrst integral corresponding to partial Noether




























Subcase 4.2: ω = ω2.
For this case, the approximate ﬁrst integrals are I1 to I5 given in (56). Moreover an approximate ﬁrst integral I7 corre-



















zz′ − zF cosω2x
+ F z
4






For the non-resonant case, only the ﬁrst integrals I6 and I7 are stable. All other ﬁrst integrals for the system under study
are unstable as they are just  multipliers.
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Subcase 1: β1 − 3β2 = 0.
The ﬁrst integrals corresponding to partial Noether operators and gauge terms in (51) are
I1 = 
(
yz′ − y′z), I2 = 
2
[











y′2 + z′2 + ω21 y2 + ω21z2











y′2 + z′2 + ω21 y2 + ω21z2




(−ω1 y sinω1x− y′ cosω1x), I6 = (ω1 y cosω1x− y′ sinω1x),
I7 = 
(−ω1z sinω1x− z′ cosω1x), I8 = (ω1z cosω1x− z′ sinω1x). (59)
Subcase 2: β1 − 3β2 = 0 and μ1 = μ2.
Approximate ﬁrst integrals for this case are the same as in (59).
Subcase 3: β1 − 3β2 = 0 and μ1 = μ2.
Subcase 3.1: ω = ω1.
For this case, the approximate ﬁrst integrals given in (59) hold and another approximate ﬁrst integral corresponding to















(α1 + α2)yz − 1
2


















Subcase 3.2: ω = ω1.















(α1 + α2)yz − 1
2
(α1 − α2)xy′z + 1
2







zz′ − zF cosω1x+ F z
4






and the approximate ﬁrst integrals corresponding to other constants are the same as given in (59).
For the resonant case, only the ﬁrst integrals I9 and I10 are stable (non-trivial) whereas all other ﬁrst integrals are trivial.
5. Concluding remarks
The approximate partial Noether operators for a system of two cubically coupled nonlinear Duﬃng oscillators subject to
a periodically driven force were constructed. The approximate ﬁrst integrals were derived by utilizing the partial Noether’s
theorem. Both non-resonant and resonant cases were considered. For the non-resonant, the ﬁrst integrals given in (57) and
(58) are non-trivial. The non-trivial ﬁrst integrals for the resonant case are given in (60) and (61). All other ﬁrst integrals
for both non-resonant and resonant cases are trivial because they are  multiplier.
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